INTRODUCTION
Noncompact quantum groups can be expected to lead to very interesting generalizations of the rich and beautiful subject of harmonic analyis on noncompact groups. Important progress has recently been made concerning an abstract ( £ -algebraic) theory of noncompact quantum groups, see [1] for a nice overview and further references. However, an important problem is still the rather limited supply of interesting examples. Results on the harmonic analysis are so far only known for the quantum deformation of the group of motions on the euclidean plane [2, 3] , the quantum Lorentz group [5, 6] and ËÍ Õ´½ ½µ [7] [8] . Moreover, there sometimes exist subtle analytical obstacles to construct quantum deformations of classical groups such as ËÍ´½ ½µ on the £ -algebraic level, cf. [4] .
Recently some evidence was presented in [9] that a certain noncompact quantum group with deformation parameter Õ ¾ should describe a crucial internal structure of Liouville theory, a two-dimensional conformal field theory (CFT) that can be seen to be as much a prototype for a CFT with continuous spectrum of Virasoro representations as the harmonic analysis on ËÄ´¾ µ is a protoype for noncompact groups. The relation between Liouville theory and that quantum group which was proposed in [9] generalizes the known equivalences between fusion categories of chiral algebras in conformal field theories and braided tensor categories of quantum group representations, cf. e.g. [12, 13] . These equivalences concern the isomorphisms that represent the operation of commuting tensor factors as well as the associativity of tensor products, and can be boiled down to the comparison of certain numerical data, the most non-trivial being some generalization of the Racah-Wigner coefficients (or fusion coefficients in CFT terminology).
The quantum group in question is Í Õ´× Ð´¾ Êµµ. A class of "well-behaved" representation of Í Õ´× Ð´¾ Êµµ on Hilbert-spaces was defined and classified in [10] . We will study a certain subclass of the representations listed there. Some of the representations found in [10] reproduce known representions of principal or discrete series of ×Ð´¾ Êµ in the classical limit ¼, others do not have a classical limit at all. The representations we will consider are of the latter type. Let us remark that representations that are essentially equivalent to the class of representations dicussed in our paper were recently also discussed in [14] . The main result of the latter paper is a very interesting proposal for a braiding operation on such representations.
In our present paper we will present explicit descriptions for the decomposition of tensor products of these representations into irreducibles, as well as the isomorphism relating two canonical bases for triple tensor products. What appears to be remarkable is the fact that the subseries we have picked out is actually closed under forming tensor products, which one would generally not expect if there exist other unitary representation. The maps describing the decomposition of tensor products lead to the definition and explicit calculation of the generalization of the Racah-Wigner coefficients which represent the central ingredient for the approach of [9] from the mathematics of quantum groups.
From the mathematical point of view one may view our results as providing a technical basis for further studies of a £ algebraic quantum group that may be generated ½ from Í Õ´× Ð´¾ Êµµ and its dual object, which is expected to be a £ algebraic quantum group generated from ËÄ Õ´¾ Êµ. In [9] we presented the definition of ËÄ · Õ´¾ Êµ as a quantum space, a £ algebra · that is generated from ËÄ Õ´¾ Êµ and is acted on by analogues of left and right regular representation of Í Õ´× Ð´¾ Êµµ.
An Ä ¾ -space was introduced there, and the result describing its decomposition into irreducible representations of Í Õ´× Ð´¾ Êµµ (Plancherel decomposition) was announced.
Two aspects of these constructions were unusual: · was introduced such that the elements generating ËÄ Õ´¾ Êµ have positive spectrum and the Ä ¾ -space was introduced by a measure that has no classical Õ ½ limit. It turns out that it is precisely the subset of unitary Í Õ´× Ð´¾ Êµµ representations studied in the present paper which appears in the Plancherel decomposition of that Ä ¾ -space. We view these results as hints towards existence of a rather interesting £ -algebraic quantum group related to ËÄ Õ´¾ Êµ that has no classical counterpart, but other beautiful properties such as a self-duality under ½ which are crucial for the application to Liouville theory [9] .
A first hint towards this self-duality can be found in the observation made in [9] [14] (see also [15] for closely related earlier observations) that the representations that we consider may alternatively be seen as representations of Í Õ´× Ð´¾ Êµµ, where Õ ¾ . This led L. Faddeev to the proposal [14] to unify Í Õ´× Ð´¾ Êµµ and Í Õ´× Ð´¾ Êµµ into an object called "modular double", which exhibits the self-duality under The paper is organized as follows: In the following section we will introduce some technical preliminaries. Since we have to deal with finite difference operators that shift the arguments of functions by imaginary amounts, a lot of what follows will be based on the theory of functions analytic in certain strips around the real axis, and the description of their Fourier-transforms via results of Paley-Wiener type.
The third section introduces the class of representations that will be studied in the present paper and discusses some of their properties. This is followed by a section describing the decomposition of tensor products of representations into irreducibles.
We then define and calculate b-Racah Wigner coefficients as the kernel that appears in the integral transformation that establishes the isomorphism between two canonical decompositions of triple tensor products.
Appendix A is in some sense the technical heart of the paper: It contains the spectral analysis of a finite difference operator of second order that is related to the Casimir on tensor products of two representations.
Appendices B and C contain some information on the special functions that are used in the body of the paper.
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PRELIMINARIES
We collect some basic conventions, definitions and standard results that will be used throughout the paper.
Finite difference operators
The quantum group will be realized in terms of finite difference operators that shift the arguments by an imaginary amount. On functions ´Üµ, Ü ¾ Ê that have an analytic continuation to a strip containing Ü ¾ Im´Üµ ¾ · ℄ , ¦ ¼ one may define the finite difference operators
As convenient notation we will use
Fourier-transformation
Our notation and conventions concerning the Fourier-transformations are as follows: Let Ë´Êµ denote the usual Schwartz-space of functions on the real line. The Fourier-transformation of a function ¾ Ë´Êµ will be defined as
The corresponding inversion formula is then
The Fourier-transformation maps the finite difference operator Ì Ü to the operator of multiplication with ¾ . It will therefore be a useful tool for dealing with these operators. Of fundamental importance will be the connection between analyticity of functions in a strip to exponential decay properties of its Fourier-transform and vice versa that is expressed by the classical Paley-Wiener theorem: 
Proof. -Cf. e.g. [19] .
£
The following simple variant of this result will often be useful: 
Distributions
Let Ë ¼´Ê µ be the space of tempered distributions on Ë´Êµ. The dual pairing between a distributions¨¾ Ë ¼´Ê µ and a function ¾ Ë´Êµ will be denoted by ¨ . The Fourier transformation on Ë ¼´Ê µ is defined by ¨ ¨ for any ¾ Ë´Êµ. It should be noted that if a distribution ¾ Ë ¼´Ê µ actually happens to be represented by a function¨´Üµ via ¨ ½ ½ Ü¨´Üµ ´Üµ then our definition of the Fourier-transform of¨implies that instead of (4) one has the following inversion formula for¨´Üµ:
The distributions that appear below will all be defined in terms of meromorphic functions by means of the so-called ¯-prescription: Assume given a familiy of functions¨¯,¯ ¼ that are meromorphic in some strip containing Ê, rapidly decreasing at infinity and have finitely many poles with¯-independent residues at a distance¯from the real axis. The limit¨ Ð Ñ¯ ¼¨¯t hen defines a distribution¨¾ Ë ¼´Ê µ. We will often use the symbolic notation¨´Üµ for the resulting distribution, keeping in mind that¨´Üµ will not be defined for all Ü ¾ Ê.
There is a simple generalization of Lemma 1 to such distributions in Ë ¼´Ê µ: Poles on the real axis correspond to asymptotic behavior of the form ¾ Ü of the Fourier-transform: Proof. -To define the meromorphic continuation of Á´Þ ½ Þ ¾ µ in cases where the poles Þ , ½ ¾ cross the contour of integration of the integral (7) one just needs to deform the contour accordingly. This will obviously always be possible as long as Þ , ½ ¾ were initially not separated by the real axis. We will therefore turn to the case that they were initially seperated, and consider w.l.o.g. the case that Þ ½ was initially in the upper, Þ ¾ in the lower half plane. In this case one may deform the contour into a contour that passes above Þ ½ plus a small circle around Þ ½ . The residue contribution from the integral over that small circle is
The Lemma is proven. 
generators:
The center of Í Õ´× Ð´¾ Êµ is generated by the Õ-Casimir
We will consider the case that Õ ¾ , ¾´¼ ½µ ´Ê Ò Éµ.
Unitary representations of Í Õ´× Ð´¾ Êµµ by operators on a Hilbert-space have been studied in [10] .
Since there are no unitary representations in terms of bounded operators some care is needed in order to single out an interesting class of "well-behaved" representations. A natural notion of "wellbehaved" was introduced in [10] , where the corresponding unitary representations of Í Õ´× Ð´¾ Êµµ were classified.
In the present paper we will study a one-parameter subclass È « , « ¾ É ¾ · Ê, É · ½ of the representations listed in [10] which are constructed as follows: The representation will be realized on the space È « of entire analytic functions ´Üµ that have a Fourier-transform ´ µ which is meromorphic in with possible poles at 
THE CLEBSCH-GORDAN DECOMPOSITION OF TENSOR PRODUCTS
The co-product allows us to define the tensor product of representations: For any Ù ¾ Í Õ´× Ð´¾ Êµµ let ¾½´Ù µ ´ «¾ ª «½ µ¡´Ùµ. 
The main step in the proof of Theorem 2 will be the construction of a common spectral decomposition for the operators É ¾½ ´ «¾ ª «½ µ¡´Éµ and Ã ¾½ . The decomposition of Ä ¾´Ê ¢ Êµ into eigenspaces of Ã ¾½ is simply obtained by Fourier-transformation:
The q-Casimir É ¾½ is mapped under this Fourier-transformation into a second order finite difference operator ¾½´ ¿ µ that contains shifts w.r.t. the variable Ü only and therefore leaves the eigenspaces of Ã ¾½ invariant:
where the following notation has been used:
The spectral analysis of the operator ¾½ is performed in Appendix A. The result may be summarized as follows: Eigenfunctions¨« ¿´«¾ « ½ ¿ Üµ of ¾½ are given by an expression of the form 
£
If follows that the generalized Fourier-transformation defined in Theorem 3 represents a decomposition into eigenspaces of the q-Casimir É ¾½ . Two things remain to be done in order to finish the proof of Theorem 2: On the one hand it remains to calculate the spectral measure ´« ¿ µ, and on the other hand one needs to verify the intertwining property (26).
Spectral measure
We will show in this subsection that ´« ¿ µ Ë ´¾« ¿ µ ¾ . This follows from the combination of the following two results. We first of all determine the asymptotics of the distributional Fouriertransform of¨« ¿ : (6) 
Proof. -According to Lemma 2 one just needs to calculate the residues of¨« ¿ for the poles at Ü Ü ¦ . We will only need the absolute values of these quantities. The pole at Ü Ü comes from the factor in the expression for¨. To calculate its residue one needs the following special value of the ©-function: In that case one may define the "inner product"´¨« ¿ ¨«¼ ¿ µ as a bi-distribution which is explicitly given by
where the Fourier-transform of the explicit expression (105) for ¾½´ ¿ µ has been used. The contour of integration for the second term in (43) can be deformed into Ê × plus contours from Ï to Ï × and Ï × to Ï . The integral over Ê × cancels the first term on the right hand side of (43). Only the contour from Ï to Ï × will give nonvanishing contributions in the limit Ï ½ due to the exponential decay of ¨« ¿´ µ for ½. In the remaining term one gets in the limit Ï ½ contributions only from the leading terms in the asymptotics of ¨« ¿´ µ for ½ as quoted in Lemma 38. Taking into account that (44)
The expression on the right hand side of (45) vanishes by the Riemann-Lebesque Lemma for Ô ¿ Ô ¼ ¿ as well as¯½ ¯¾. The remainder is found to be Proof. -´« ¿ Ü ¿ µ will be entire analytic w.r.t. Ü ¿ by straightforward application of Lemma 3, using that is entire analytic in Ü ¾ , Ü ½ and the analytic properties of the Clebsch-Gordan coefficients summarized in Lemma 1, Appendix C. One similarly finds by using Lemma 2, Appendix C that the Fourier-transform ´« ¿ ¿ µ will be meromorphic in ¿ with poles at ¦´É « · Ò · Ñ ½ µ, Ò Ñ ¾ ¼ for any ¾ È «¾ ª È «½ . This establishes the first claim in Proposition 3.
Note that the analytic continuation of the integral (25) The decomposition of this representation into irreducibles can be constructed by iterating ClebschGordan maps: There are two canonical ways to do so, which will be referred to as "s-channel" and "tchannel" respectively. The first of these corresponds to first decomposing the factor È «¾ ª È «½ into a direct sum of irreducible representations È «× then performing the Clebsch-Gordan decomposition of È «¿ ª È «× . This extends to a unitary map
The generalized Fourier-transform × of is defined as However, it is not a priori clear that such self-adjoint extensions are unique. In particular, it could be that the self-adjoint extensions that are defined in terms of the maps ¿´¾½µ and ´¿¾µ½ are inequivalent. This disturbing possibility will be excluded shortly. 
The distribution Ã appearing in (59) can be represented as
We will first prove
Proof. -This will be a consequence of the following result: Ã satisfies 
The right hand side of (63) will vanish if É ¿¾½ can be "partially integrated". To show that this is the case, one needs some information on the form that É ¿¾½ takes when acting on functions ´Üµ. 
and AE is a constant.
Proof. -Let 
The relevant residues can easily be assembled from the expressions given in Appendix C. Moreover, it is straightforward to work out their poles. By again using Lemma 3 one then finds that all four poles listed in (73) will, after doing the Ü ¿ integration, produce terms that are singular for Ü Ü ¼ , « « ¼ and¯ ¼. The terms that lead to AE´Ü Ü ¼ µAE´« « ¼ µ are easily identified by means of Convergence for Ò ½ will be uniform in Ô provided that Ü Ô´Ü µ is bounded as function of both Ô and Ü. But this is a consequence of our assumptions: The exponential decay allows us to transform Ô´Ü µ (resp. Ü Ô´Ü µ) to a function that is analytic on a compact rectangle in ¾ , and therefore bounded. The regularity properties of¨Ø necessary to extend the argument to the present situation follow from Lemma 19, Appendix C. 
or (ii) as relation between functions meromorphic w.r.t. Ü ¾ , or (iii) as relation between distributions defined as boundary values of¨ ,
× Ø for´Ü Üµ ¾ Ê .
APPENDIX A: SPECTRAL ANALYSIS OF ¾½´ ¿ µ
This appendix is devoted to the proof of Theorem 3.
Preliminaries
The difference operator to be considered is of the form
where AE × , × ¼ · are x-independent finite difference operators given by ¾ . This follows by shifting the contour of the integration that represents´ Ì µ to the line Ê · . The fact that ¾½´ ¿ µ is symmetric is then seen by a simple calculation remembering that « £ É « , ½ ¾.
The fact that and Ý are dense in Ä ¾´Ê µ is easily seen by noting that any Hermite-function is contained in these sets.
£
The Paley-Wiener theorem provides a characterization of the Fourier-transform of the domain of ¾½´ ¿ µ. The action of ¾½´ ¿ µ on functions in then corresponds to acting on with the following operator:
Strategy
The key to the proof of Theorem 3 is the following result characterizing regularity and asymptotic properties of distributional solutions to the eigenvalue equation of the operator ¾½´ ¿ µ:
(1) ¨is represented by a function ¨´ µ that can be continued to a meromorphic function on , with simple poles within Ë É ¾ only at 
In fact, given these properties it is not very difficult to show that for any given eigenvalue « ¿ É ¾ ℄ ¾ there is at most one tempered distributional solution to the eigenvalue equation (Proposition 13).
Moreover, no such solution exists for Re´¾« ¿ Éµ ¼. It follows [25] that the deficiency indices vanish and ¾½´ ¿ µ has a unique self-adjoint extension. The spectral decomposition can be written as expansion into generalized eigenfunctions [26] . It can be shown on rather general grounds that only tempered distributions can appear in the spectral decomposition, as nicely discussed in [27] . The combination of Theorem 5 and Proposition 13 therefore also yields a characterization of the support of the Plancherel measure. These remarks reduce the proof of Theorem 3 to that of Theorem 5 and Proposition 13.
Preparations
In view of the explicit expressions for ¾½´ ¿ µ (cf. (105)) resp. its Fourier-transform (108) one may anticipate that the analysis of the asymptotic behavior of¨and ¨will require some information about properties of the operators AE · , AE resp. ¡ ¼ , ¡ ¾ . The information that will be needed is contained in the following Lemmas:
has the following properties:
(1) ´Üµ is analytic in the strip Ü ¾ Im´Üµ ¾´ ¾ ¼µ and ´Üµ ¾ ½´Ê µ, ´Ü ¾ µ ¾ ½´Ê µ.
(2) ´ µ is meromorphic in with simple poles at 
The image ´ µ of a function ¾ ´¡ ¼ µ under ¡ ½ ¼ has the following properties:
(1) ´Üµ is meromorphic in with simple poles at
Asymptotic estimates
We now want to show that the Fourier-transform ¨of¨may actually be represented by integration against a function ¨´ µ. 
Now if there were terms with exponential decay weaker than ¾ in the asymptotic expansion of ¨´ µ for ½ one would find terms terms that grow exponentially with Ò ½ on the right hand side of (123). But polynomial boundedness of ¨excludes the occurrence of such terms on the left hand side of (123). (1) ¤´Üµ has a Fourier transform ¤´ µ that is analytic in ¾ ÁÑ´ µ ¾´ É ¾ ¼µ , and (2) ¤´ µ has the following asymptotic behavior for ¦½:
where Ã is a constant, Ê ´ µ has exponential decay for ½ and Ê ·´ µ has exponential decay stronger than for
½.
Equation (126) is equivalent to the following first order difference equation for ¤´ µ: 
b-hypergeometric function
The b-hypergeometric function will be defined by an integral representation that resembles the Barnes integral for the ordinary hypergeometric function: This follows as in the proof of Proposition (13) from the facts that (i) the finite difference equations satisfied by left and right hand sides of (153) are equivalent, and (ii) analytic and asymptotic properties of the functions of Ý appearing on both sides of (153) coincinde.
APPENDIX C
This appendix collects some results on the analytic and asymptotic properties of Clebsch-Gordan coefficients, the kernels¨ , × Ø and the Racah-Wigner coefficients. 
